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Abstract

We consider the use of the roulette method for eliciting an expert’s prob-

ability density function. In the roulette method, the expert provides prob-

abilities of the uncertain quantity of interest lying in a particular ‘bin’ by

allocating ‘gaming chips’ to that bin. This method can be appealing to some

experts, given the graphical representation of their beliefs that it provides.

Given the judgements made by the expert, we then quantify the uncertainty

about their density function, given the fact the expert has only specified a lim-

ited number of probability judgements, and that these judgements are forced

to be rounded. Uncertainty about the expert’s density is quantified using a

Gaussian process model, and we investigate the effect of the number of bins

and chips used on this uncertainty.

KEY WORDS: Expert elicitation, Gaussian process, imprecise probabilities, trial

roulette.

1 Introduction

We consider eliciting an expert’s beliefs about some unknown continuous variable θ.

We suppose that the elicitation is conducted by a (male) facilitator, who interviews

the (female) expert and identifies a density function f that represents her beliefs

about θ. He will help her as much as possible, for example by providing suitable

training and discussing the various biases that can influence probability judgements.

An important practical issue in elicitation is regarding the type of probability

judgements that the facilitator asks the expert to make. He will want to ask her

questions that are as simple as possible to answer, lead to a faithful representation

of her uncertainty, and avoid under- or overconfidence so that she is well calibrated.
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Two commonly used elicitation methods are the fixed interval method, in which

the expert states her probability of θ lying in specified intervals, and the variable

interval method, in which she makes quantile judgements. We are not aware of

any conclusive evidence favouring one method over the other. Abbas et al. (2008)

describe a study suggesting slight superiority of the fixed interval method, though

the participants (university students) were making probability judgements without

the support of a facilitator. Garthwaite et al. (2007) did not find one method to be

consistently better than the other (though they did note other substantial differences

depending on whether the probability assessors were students or genuine subject-

matter experts). Murphy and Winkler (1974) found the variable interval method to

perform better, though their study only had four (genuine subject-matter) experts.

In this paper we consider a type of fixed interval method known as (trial) roulette

elicitation (Gore, 1987). The expert distributes n chips amongst m bins, with the

proportion of chips allocated to a particular bin representing her probability of θ

lying in that bin. We refer to this proportion as her implied probability. Some

illustrations can be found in Hughes (1991), Parmar et al. (1994), Abrams et al.

(1994), Parmar et al. (1996), Abrams and Dunn (1998), Tan et al. (2003) and

Johnson et al. (2010). This approach can be appealing to some experts, as they do

not have to specify numerical probabilities directly, and the distributions of chips

amongst bins gives an immediate graphical representation of their beliefs. Software

for using the roulette method is provided as part of the SHELF package (Oakley

and O’Hagan, 2010). The software is implemented in R (R Development Core

Team, 2010) and includes interactive graphics using the rpanel package (Bowman

and Crawford, 2008).

One feature of the roulette method is the lack of precision in the expert’s implied

probabilities. If the expert distributes a total of n chips, then her implied probabil-

ities are forced to be multiples of 1/n. Some experts may prefer smaller n, so that

they only have to make coarse probability judgements, which will lower the preci-

sion. There is also the issue of where to locate the bins, in particular the endpoints.

Garthwaite et al. (2007) observe that the choice of scale can have a substantial effect

on an expert’s judgements, though we do not consider this issue further here.

Given the allocation of chips to bins, the facilitator must choose a probability

distribution to represent the expert’s beliefs. He could simply use a piecewise uni-

form distribution, with the appropriate uniform density within each bin. This may

not be desirable, as the expert may not wish to give zero probability to θ lying

outside the two end (non-empty) bins. Alternatively, he may fit some parametric

distribution to her probabilities. But there are infinitely many distributions that he
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could fit, all implying different judgements in the tails. Direct tail judgements could

resolve this, but are not easy to make reliably. Alpert and Raiffa (1982) report in

one experiment that judgements of extreme percentiles were poorly calibrated (98%

intervals contained the true parameter values 53% of the time).

1.1 Aims and outline of this paper

We consider how to quantify the facilitator’s uncertainty about the expert’s density,

given her roulette judgements. We also investigate how the choice of n affects the

facilitator’s uncertainty. We do so using the nonparametric approach to elicitation

proposed by Oakley and O’Hagan (2007) (hereafter O&O) and developed in Gosling

et al. (2007) and Moala and O’Hagan (2010).

The idea in O&O is to treat elicitation as a Bayesian inference problem. The

facilitator considers his prior beliefs about the expert’s density function f . He

receives data from the expert, in the form of probability judgements about θ implied

by her allocation of chips to bins, and derives his posterior distribution for f . He

can use his posterior distribution to provide an estimate of f and assess posterior

uncertainty about f , thus determining whether the expert’s beliefs have been elicited

in sufficient detail for the purpose at hand. As in O&O, we stress that the facilitator

is only interested in the expert’s density function f ; he is not considering his own

beliefs about θ given judgements received from the expert.

In the next section we review the nonparametric elicitation scheme proposed

by O&O. In section 3, we consider the extensions necessary for inference given the

roulette data. A synthetic example is given in section 4, investigating the effect of

different choices for the total and number of chips, and an application is given in

section 5 involving expert beliefs about the effectiveness of a radiotherapy technique

for lung cancer patients.

For reviews of expert elicitation in general we refer the reader to Garthwaite

et al. (2005), O’Hagan et al. (2006), Daneshkhah and Oakley (2010) and Oakley

(2010).

2 Nonparametric elicitation

The facilitator’s prior for f makes strong judgements about the smoothness of f ,

but relatively weak judgements about the value of f(θ) for any θ. As an illustration,

consider the two density functions plotted in Figure 1. The facilitator would judge

the top plot to be a more plausible representation of someone’s beliefs than the

3



bottom plot, given the large number of modes in the bottom plot, even without

knowing what θ represents.

θθ
f(

θθ)

θθ

f(
θθ)

Figure 1: The facilitator expects the expert’s density function to be smooth, and

so would judge the top plot to be a more plausible description of someone’s beliefs

than the bottom plot.

The facilitator represents prior uncertainty about f using a Gaussian process:

for any set {θ1, . . . , θn} of values of θ, his prior distribution for {f(θ1), . . . , f(θn)}
is multivariate normal. As f is a density function, two constraints are applied to

the facilitator’s prior:
∫∞
−∞ f(θ)dθ = 1 and f(θ) ≥ 0 for all θ. The first constraint

is applied as part of the data from the expert, and second constraint is applied

(approximately) using simulation, which we discuss in later sections.

The facilitator specifies his mean and variance-covariance functions for f , hierar-

chically in terms of a vector α of hyperparameters. His prior expectation of f(θ) is

some member g(θ |u) of a suitable parametric family with parameters u, contained

within α, so

E{f(θ) |α} = g(θ |u).

We follow O&O and choose g(θ |u) to be a normal density function with mean m

and variance v. Gosling et al. (2007) consider a t distribution as an alternative, but

we do not consider this extension here.

His prior variance of f(θ) depends on his expected size of f(θ), and this is

modelled by a variance-covariance function with the scaled stationary form

cov{f(θ), f(θ′) |α} = g(θ | u) g(θ′ |u) σ2c(θ, θ′),

where c(θ, θ′) is a correlation function that takes the value 1 at θ = θ′ and is

a decreasing function of |θ − θ′|. The function c(., .) must ensure that the prior
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variance-covariance matrix of any set of observations of f(.), or functionals of f(.),

is positive semidefinite. O&O use the function

c(θ, θ′) = exp{− 1

2b
(θ − θ′)2}.

The hyperparameters of this model are α = (u, σ2, b). For u = (m, v) a noninforma-

tive prior π(m, v) ∝ v−1 is chosen. For the parameter b, O&O consider prior beliefs

about the ratio b∗ = b/v, removing the dependence on the scale of θ, and suggest

log b∗ ∼ N(0, 1), as this allows for suitably varied behaviour in prior realisations of

f in terms of smoothness and multimodality.

If the expert provides ‘noise-free’ probabilities (i.e. no rounding errors as induced

by the roulette method), the facilitator can use a noninformative prior for σ2, for

example π(σ2) ∝ σ−2. Given noise in the expert’s probabilities, the data cannot

rule out f(θ) being a normal density function, with σ2 = 0, and an improper prior

for σ2 can result in an improper posterior. We use the same prior as O&O in the

case of noisy data: σ−2 ∼ Gamma(1, 1).

3 Roulette data

We represent the bins by the intervals [x0, x1), [x1, x2), . . . , [xk−1, xk) (with the pos-

sibility of x0 = −∞ and xk = ∞). The expert allocates ni chips to the ith bin,

[xi−1, xi), with
∑k

i=1 ni = n. We define ri = ni/n to be the expert’s implied proba-

bility of θ ∈ [xi, xi+1), with r = (r1, . . . , rk).

3.1 Imprecision

In section 2, we discussed the facilitator’s uncertainty about f due to the expert

only providing a finite number of probability judgements. The roulette method

introduces a second source of uncertainty: probabilities are only being stated in

multiples of 1/n. As other authors have commented (e.g. Good, 1980), no individual

could be expected to provide arbitrarily precise probabilities (apart from in trivial

circumstances). If n is small enough, the expert may at least judge her allocation of

chips to bins to be ‘precise’, in that no other allocation would be acceptable to her.

For example, in the extreme case n = 1, she would only have to consider which bin

she thought was most likely, which she may be willing to state ‘precisely’. If n is

not ‘small enough’, the allocation itself may be imprecise, before even considering

rounding errors.
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Various approaches have been proposed to deal with imprecision in probability

assessments, such as robust Bayes methods (see for example Berger, 1990) and up-

per and lower probabilities (Walley, 1991). Here, we choose to model the expert’s

imprecision probabilistically. We suppose that the expert has a set of true, precise

probabilities p = (p1, . . . , pk), with pi the expert’s true probability of {θ ∈ [xi−1, xi)},
and in section 3.2, we consider a simple model for r given p. We acknowledge the

informality of such an approach, but argue that it still results in a useful mechanism

for quantifying the facilitator’s uncertainty about the expert’s density (particularly

in giving more weight to some density functions than others). Note that the as-

sumption of a ‘true’ probability vector p is at least justifiable in the sense that, were

the expert to specify probabilities in each bin directly, she may give probabilities

that are different from r.

3.2 Sampling from the facilitator’s posterior distribution

The facilitator’s data consists of r together with the knowledge that
∑

pi = 1 and

f ≥ 0, where we write f ≥ 0 to denote f(θ) ≥ 0∀ θ. The latter constraint implies

pi ≥ 0∀ i, which we denote by p > 0.

We sample from the facilitator’s posterior π (f |r,∑ pi = 1, f ≥ 0, p > 0). To deal

with the constraint f ≥ 0, we write

π
(
f |r,

∑
pi = 1, f ≥ 0, p > 0

)
∝ π

(
f, f ≥ 0|r,

∑
pi = 1, p > 0

)

∝ π
(
f |r,

∑
pi = 1, p > 0

)
I(f ≥ 0).

Hence we first sample from π(f |r,∑ pi = 1, p > 0), ignoring the constraint f ≥ 0,

and then discard any negative f .

If the expert were to provide her true probabilities p rather than r, then it would

be straightforward to derive the distribution of f |p, α, σ2. This is discussed in detail

in O&O, and follows from the result that the joint distribution of f(θ), p|α, σ2 is

multivariate normal. However, it is harder to derive the posterior distribution of

f(θ)|r, α, σ2, as it is not obvious how to construct the likelihood π(r|α, f). Instead,

we treat p as a vector of nuisance parameters, and sample from π(f |r,∑ pi = 1, p >

0) by obtaining joint samples from π(f, α, p, σ2|r,∑ pi = 1, p > 0), writing

π(f, α, p, σ2|r,
∑

pi = 1, p > 0) = π(α, p, σ2|r,
∑

pi = 1, p > 0)π(f |α, p, r, σ2)

= π(α, p, σ2|r,
∑

pi = 1, p > 0)π(f |α, p, σ2)

Given a large sample of density functions, we can report estimates and pointwise

bounds for f(θ) for any θ of interest. We use Gibbs sampling to sample from
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π(α, p, σ2|r,∑ pi = 1, p > 0). We sample from π(α, σ2|r, p) = π(α, σ2|p) and from

π(f |α, p, σ2) following the procedure described in O&O. We consider how to sample

from π(p|r, α, σ2,
∑

pi = 1, p > 0) in the next section.

3.2.1 Sampling from π(p|r, α, σ2,
∑

pi, p > 0)

We have

π(p|r, α, σ2,
∑

pi = 1, p > 0) ∝ π(p, p > 0|α, σ2, r,
∑

pi = 1)

∝ π(p|α, σ2, r,
∑

pi = 1)I(p > 0)

∝ π(p|α, σ2
∑

pi = 1)π(r|p, α, σ2)I(p > 0). (1)

The distribution of p|α, σ2 is multivariate normal: p|α, σ2 ∼ N(H, σ2A) with

element i of H given by

E(pi|α, σ2) = Ef

{∫ xi+1

xi

f(θ)dθ

∣∣∣∣α, σ2

}

=

∫ xi+1

xi

g(θ|u)dθ, (2)

and element i, j of σ2A given by

Cov(pi, pj|α, σ2) = Covf

{∫ xi+1

xi

∫ xj+1

xj

f(θ)f(θ′)dθdθ′
∣∣∣∣∣ασ2

}

= σ2

∫ xi+1

xi

∫ xj+1

xj

g(θ|u)g(θ′|u)c(θ, θ′)dθdθ′. (3)

Expressions for these are integrals are given in O&O. The joint distribution of

p,
∑

pi|α, σ2 is also multivariate normal, so that p|∑ pi = 1, α, σ2 ∼ N(H∗, σ2A∗),

where H∗ and A∗ are straightforward to derive, as (2) and (3) give us the mean and

variance of
∑

pi and covariance between
∑

pi and pi.

We must now consider the likelihood function π(r|α, p, σ2). We choose to give

increasing weight to smaller values of ||r−p||, and set π(r|α, p, σ2) to be (proportional

to) a multivariate normal density function, with mean vector p and diagonal variance

matrix δ2I. Note that correlation in the rounding errors r − p will be induced once

we condition on
∑

pi = 1.

Regarding the choice of δ2, if we thought that the expert placed her chips to

minimise ||r − p|| we could argue that an individual rounding error εi = ri − pi

cannot be larger in magnitude than (k − 1)/(kn). Such a rounding error could be

achieved, for example, if εi = (k− 1)/(kn) and εj = −1/(kn) for j 6= i. In this case,

the maximum error cannot be reduced: moving one chip from bin i to any other
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bin j results in εi = −1/(kn) and εj = (k − 1)/(kn), leaving ||r − p|| unchanged.

Alternatively, suppose we have εi = (k− 1)/(kn)+φ, with φ > 0. Then at least one

error, εj say, must be less than −1/(kn), and so moving one chip from bin i to bin

j reduces ||r − p||.
Informally, it seems reasonable to suppose that a rounding error is likely to be

in the interval (−1/n, 1/n), but we choose not to rule out the possibility of larger

errors; an expert might allocate one chip ‘too many’ (or ‘too few’) to a bin, while

preferring not to put the chip elsewhere. We set δ to be 1/(2n), and judge r to be

independent of α and σ2 given p.

Combining π(p|α, σ2
∑

pi = 1) and π(r|p, α, σ2) we then have p|r, α, σ2
∑

pi =

1 ∼ N(H∗∗, A∗∗), with

A∗∗ = (A∗−1/σ2 + I/δ2)−1, H∗∗ = A∗∗(A∗−1H∗/σ2 + r/δ2).

Noting the indicator function in (1), we sample from π(p|r, α, σ2,
∑

pi = 1, p > 0)

by sampling from N(H∗∗, A∗∗) and rejecting any p with negative elements.

3.2.2 Sampling from π(α|p, σ2), π(σ2|p, α) and π(f |p, α, σ2).

Conditional on p, we have data in the form considered by O&O, and so can follow

their procedures for sampling from these three conditional distributions. Details are

given in Appendix A.

4 Example 1

We consider a synthetic example, to investigate uncertainty about the expert’s den-

sity function resulting from different choices of the number of chips and bins used

in the elicitation. We suppose that the expert’s true distribution is a Beta(9, 6)

distribution. We consider combinations of 10 chips and 20 chips with 5 bins and 10

bins, equally spaced between 0 and 1. The allocation of chips to bins is shown in

Table 1.

We suppose that the expert has stated that her distribution is unimodal, and

so multimodal densities are rejected in the sampling process. Adjacent bins with 0

chips allocated are merged in the analysis. For example, in the 10 chips and 10 bins

case, we consider a single rounding error, judged unlikely to be more than 1/10, over

the interval [0, 0.4].

In Figures 2 and 3, we show the facilitator’s pointwise 95% intervals for the

expert’s density and distribution functions (based on a sample of 1000 functions).
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Bin 0 - 0.1 - 0.2 - 0.3 - 0.4 - 0.5 - 0.6 - 0.7 - 0.8 - 0.9 -

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

10 chips, 10 bins 0 0 0 0 0.2 0.3 0.3 0.2 0 0

20 chips, 10 bins 0 0 0 0.05 0.15 0.25 0.3 0.2 0.05 0

10 chips, 5 bins 0 0.1 0.4 0.5 0

20 chips, 5 bins 0 0.05 0.45 0.45 0.05

Table 1: Implied probabilities given the four combinations of chips and bins. True

probabilities are generated from a Beta(9,6) distribution.

For comparison, we also show what the pointwise 95% intervals would be were the

expert to state her true probability for each bin. With 5 bins and noise-free proba-

bilities, the facilitator’s uncertainty about the expert’s cdf is fairly small, so that a

combination of a small number of bins and large number of chips can result in fairly

little uncertainty about the expert’s density. This is to be expected: the Gaussian

process model for f implies that the cdf is also a smooth function, so observing

a small number of (suitably spaced) points on the cdf should reduce uncertainty

substantially.

We observe less benefit in increasing the number of bins without increasing the

number of chips. Some uncertainty has been reduced in the lower tail, but there

is now potential for larger rounding errors over the same regions of the parameter

space. For example, instead of considering one rounding error in the interval [0.4, 0.6)

for the 5 bin case, we now consider rounding errors in each of the intervals [0.4, 0.5)

and [0.5, 0.6) in the 10 bin case, where prior judgements of the likely magnitude of

any single rounding error have not changed.

In Figure 4, we show the facilitator’s posterior distribution for each error (pi −
ri) in the cases of 5 bins and either 10 or 20 chips. The true errors are marked

as vertical lines. This is to inspect the behaviour of the model, and check that

posterior uncertainty about the expert’s distribution is based on plausible posterior

distributions for the rounding errors.

Recall the prior judgement that rounding errors are likely to lie in the interval

(−1/n, 1/n) (with truncation occurring for bins with no chips). The posterior dis-

tributions suggest errors well within these limits in most cases, with the exception

of the bin [0.6, 0.8) in the case of 10 chips. Here, there is some possibility of a

larger negative error. As the stated probability was 0 in the adjacent bin [0.8, 1),

the posterior distribution seems appropriate here.
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5 bins, 10 chips

0.2 0.4 0.6 0.8
0

1

2

3

4

θ

f(
θ)

5 bins, 20 chips
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10 bins, 10 chips
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0
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4
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f(
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10 bins, 20 chips

Figure 2: Pointwise 95% intervals for the expert’s density function (dashed lines),

and the Beta(9,6) density function (solid lines). Dotted lines show pointwise 95%

intervals for f(θ) given the precise probabilities p.

5 Example 2: CHART

We now consider an example reported in Parmar et al. (1994) and Spiegelhalter et al.

(2004). This involves beliefs about the efficacy of a radiotherapy technique known

as continuous hyperfractionated accelerated radiotherapy (CHART) in comparison

with conventional radiotherapy, for lung cancer patients. The unknown parameter θ

of interest is the ratio of the hazard under CHART to the hazard under conventional

radiotherapy.

The experts were asked to express their beliefs about the benefit from CHART,

quantified as the percentage improvement in survival after two years. Specifically,

they were each asked to distribute 100 points between 9 bins. The experts dis-

tributed their points in multiples of 5 or 10, and so for illustration, we suppose

that each expert chose to allocate either 10 or 20 chips, with the choice of 10 or 20

reflecting the precision each expert was willing to consider. Hence we interpret the

data as in Table 2

Noting the allocation of chips by experts six and seven, we suppose that these

two experts were certain that CHART could not be worse than standard treatment,

and so we treat the allocation of zero chips to the first three bins as a noise-free
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Figure 3: Pointwise 95% intervals for the expert’s distribution function (dashed

lines), and the Beta(9,6) distribution function (solid lines). Dotted lines show point-

wise 95% intervals for f(θ) given the precise probabilities p (these intervals are very

small in the 10 bins case).
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Figure 4: Posterior distribution for the rounding error (pi − ri) in each bin, for 5

bins and 10 chips (1st column) and 20 chips (2nd column). The vertical line in each

plot shows the true rounding error.

observation P (θ < 0) = 0. Following Spiegelhalter et al. (2004), we convert the

percentage improvements to hazard ratios assuming a 15% baseline survival.

Spiegelhalter et al. (2004) used linear pooling to obtain a consensus distribu-

tion f from the 11 elicited distributions, by fitting a lognormal distribution to

the mean number of chips in each bin. Here, we consider the facilitator’s uncer-

tainty about this consensus distribution, allowing for uncertainty in the individual

expert distributions. Defining r(i) to be the allocation of chips for expert i, and

R = (r(1), . . . , r(11)), we simulate from π{f |R} as follows:

1. Fit the nonparametric model to expert i’s judgements, for i = 1, . . . , 11.

2. Generate a random density function fi,j from π{fi|r(i)}

3. Obtain a random draw from π{f(θ)|R} as

1

11

11∑
i=1

fi,j(θ).

4. Repeat steps 2 and 3 a large number of times to obtain pointwise estimates

and intervals for f(θ).
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Expert Total no. CHART worse than CHART better than

of chips standard by % standard by %

10-15 5-10 0-5 0-5 5-10 10-15 15-20 20-25 25+

1 20 0 2 2 5 5 4 2 0 0

2 20 0 2 7 9 2 0 0 0 0

3 10 0 1 4 4 1 0 0 0 0

4 10 0 0 0 1 1 3 3 1 1

5 10 0 0 0 1 6 2 1 0 0

6 10 0 0 0 3 5 2 0 0 0

7 10 0 0 0 6 3 1 0 0 0

8 10 0 0 0 0 1 4 4 1 0

9 10 0 0 0 0 1 6 2 1 0

10 10 0 0 0 0 2 4 4 0 0

11 10 0 0 0 0 0 3 5 2 0

Table 2: Assumed allocation of chips to bins

The facilitator’s pointwise median and 95% intervals for the consensus distribu-

tion are shown in figure 5. For comparison, we also show the lognormal fit used by

Spiegelhalter et al. (2004), together with the histogram based on the mean number

of chips in each bin. The pointwise median appears to fit the histogram better than

the lognormal distribution, although the difference is fairly minor. Here, uncertainty

about f(θ) is fairly small.

6 Discussion

In this paper we have coupled the nonparametric approach to elicitation of O &O

with the roulette elicitation method. This allows us to quantify probabilistically

uncertainty about the expert’s density, given her roulette judgements. The method

is computationally intensive, and so would not be suitable for providing feedback

to the expert in real time. However, once she has settled on her allocation of chips

to bins, the method can be used to produce a sample of density functions for the

analysis problem at hand. This will help test robustness to the choice of prior,

though only as far as issues of imprecision in her assessments are concerned; one

may still wish to investigate robustness to different prior beliefs.

In our synthetic example, we found that the combination of a small number of
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Figure 5: The facilitator’s pointwise median (solid line) and 95% intervals (dashed

lines) for the consensus distribution. A lognormal fit (dotted line) and a histogram

are shown for comparison.

bins with a large number of chips can result in fairly little uncertainty about the

expert’s distribution. However, if an expert feels she cannot provide probabilities

very precisely, then a smaller number of chips may be preferable, so that her impre-

cision is properly recognised. In such cases, it will be more important to investigate

uncertainty about her distribution using the nonparametric approach. Although our

method is complex to implement, given the difficulty of making probability assess-

ments in general, we think methods that transfer some of the effort from the expert

to the facilitator are highly desirable.

Appendix A

• Sampling from π(α|p, σ2)

In the case of a N(m, v) density function for g(θ) and the modelling choices given

in 2, O&O show that the posterior density of α conditional on p and σ2 is given by

π(α|p, σ2) = π(m, v, b∗|p, σ2)

∝ v−1|A|− 1
2

1

b∗
exp

{
−1

2
(log b∗)2 − 1

2σ2
(p−H)T A−1(p−H)

}
, (4)

We use the Metropolis-Hastings algorithm to sample from (4), as described in O&O.

14



• Sampling from π(σ2|p, α)

If σ−2 ∼ Gamma(d, a), then

σ−2|p, α ∼ Gamma{d + n/2, a + 0.5(p−H)T A−1(p−H)},
and we can sample from this conditional directly.

• Sampling from from π(f |p, α, σ2)

We sample a finite set of points d = {f(θ1), . . . , f(θs)} on the expert’s density

function, which is straightforward to do as the distribution of d, p, |α (and therefore

d|p, α is multivariate normal. Note that if g(θ|α) is the normal density function with

mean m and variance v, then the covariance between f(θ) and pi is

cov{pi, f(θ)|α, σ2} = σ2g(θ)

∫ x

−∞
c(θ, θ′)g(θ′)dθ′

= σ2g(θ)

(
b∗

1 + b∗

) 1
2

exp

{
− (θ −m)2

2v(b∗ + 1)

}

×
[
Φ

{(
xi − θ + mb∗

b∗ + 1

)
√

(
1 + b∗

vb∗

)}
− Φ

{(
xi−1 − θ + mb∗

b∗ + 1

)
√

(
1 + b∗

vb∗

)}]
,

where Φ(.) denotes the cumulative distribution function of the standard normal

distribution.

For suitably chosen θ1, . . . , θs (arranged in increasing order) we will have V ar{f(θ)|d, p, α}
negligibly small for any θ ∈ [θ1, θs], and so we can use E{f |d, p, α} as an approx-

imate draw from the distribution of f |p, α. (For the choice of θ1, . . . , θs, typically

no more than 10 evenly spaced values over the region of interest are required, as

we are only trying to learn a smooth function of a single input variable). It is at

this stage that we apply the constraint f ≥ 0 by discarding any sample d for which

E{f(θ)|d, p, α} is negative at any θ of interest.
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